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Abstract Considering the eﬀects of osmotic pressure, elastic bending, Maxwell pressure, surface
tension, as well as ﬂexo-electric and dielectric properties of phospholipid membrane, the shape
equation for sphere vesicle in alternation (AC) electric ﬁeld is derived based on the liquid crystal
model by minimizing the free energy due to coupled mechanical and AC electrical ﬁelds. Besides
the eﬀect of elastic bending, the inﬂuence of osmotic pressure and surface tension on the frequency
dependent behavior of vesicle membrane in AC electric ﬁeld is also discussed. Our theoretical
results for membrane deformation are consistent with corresponding experiments. The present model
provides the possibility to further disclose the frequency-depended behavior of biological cells in the
coupled AC electric and diﬀerent mechanical ﬁelds. c© 2013 The Chinese Society of Theoretical and
Applied Mechanics. [doi:10.1063/2.1305410]
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Living cells including ourselves are chronically sub-
jected to diﬀerent intensity and frequencies of electro-
magnetic ﬁelds. Weak ﬁelds inﬂuence cell signaling,
wound healing and cell growth.1 Strong ﬁelds can pro-
duce pores in cell membranes, which makes proteins,
foreign genes, drugs, and antibodies deliverable into
cells.2,3 In order to maintain their normal physiological
functions, cell adjust continuously the properties (di-
electric property, polarization property, electrical con-
ductivity) of cell membrane reacting to surrounding
micro-electrical ﬁelds.4 Explanation and the prediction
of morphological evolution in vesicles under electrical
ﬁelds are of special signiﬁcant in cell biology.
By considering the elastic bending eﬀects, osmotic
pressure, Maxwell stress, surface tension, as well as
ﬂexo-electric and dielectric properties, a lipid membrane
model is proposed by Gao et al. and the general gov-
erning shape equation is given as5
∇
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in which ε⊥ and ε are the anisotropic dielectric con-
stants perpendicular and parallel to the direction of the
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normal vector n of the membrane Y (u, v), which satis-
ﬁes ∇·n = −2H, and ∇×n = 0 with H being the mean
curvature. k is elastic constant, κ is the Gauss curva-
ture, c0 is the spontaneous curvature of membrane, e11
is the ﬂexo-electric coeﬃcient, Δp is osmotic pressure,
and λ is surface tension. A local coordinate system
which is mutually orthogonal is formed by a normal
vector (n) and two tangential vectors (Y,v and Y,u) of
the membrane; En, Ev, and Eu are magnitudes of the
electric ﬁeld in the n, Y,v, and Y,u directions with E
being the electric ﬁeld intensity, Ein is the normal com-
ponent of the electric ﬁeld on the inner surface and Eon
is the one on the outer surfaces, gvv = Y,v · Y,v, and
guu = Y,u · Y,u.
Based on this model, Gao et al.5,6 discussed the
morphology evolution of sphere vessels in DC electric
ﬁeld. In fact, biological cells usually exist in alterna-
tion (AC) electric ﬁelds, and exhibit various frequency
dependent behaviors, that is, orientation translation
(dielectro-phoresis), and rotation. Since the 1950s,
Schwan7 has conducted extensive studies on the behav-
ior of biological cells in electric ﬁelds. In these early
studies, cells were treated as rigid objects. From the
competition between the work done by the Maxwell
stresses, the shapes of vesicles in AC electric ﬁelds were
determined theoretically by Winterhalter and Helfrich.8
Following Winterhalter and Helfrich, extensive stud-
ies on characterization of vesicle morphological types
(prolate, oblate, and spherical) were performed by Di-
mova et al.9–11 in the parametric space of intra-to-extra-
vesicular conductivity ratio and ﬁeld frequency. The en-
ergy due to the electric ﬁeld and the membrane bending
energy are considered. They analyzed the vesicle defor-
mation in three frequency regimes corresponding to low,
intermediate, and high frequencies. However, since only
bending energy of the vessel membrane is included, the
contributions of surface tension and osmotic pressure to
the vesicle deformation in AC electrical ﬁelds could not
be considered.
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Actually, the transient vesicle deformation is deter-
mined by the coupling eﬀects of mechanical and electric
ﬁelds (Maxwell stresses, elastic bending, osmotic pres-
sure, surface tension, ﬂexo-electric and dielectric eﬀects)
exerted on the membrane.5 In order to see the inﬂuence
of diﬀerent mechanical ﬁelds on the morphological tran-
sition of vesicles in AC ﬁled, based on the liquid vessel
model proposed by Gao et al.,5 the governing equations
for vesicle morphologies in AC electric ﬁeld is developed.
Figure 1 gives a diagrammatic sketch of a sphere
vesicle in AC electric ﬁeld. A spherical coordinate sys-
tem is established, where θ is the inclination angle, r
represents the distance from the center of the vesicle,
ϕ is the angle between the tangent to the contour and
the ρ axis. The vesicle is ﬁlled interiorly with a solution
characterized by conductivity σi and dielectric constant
εi. The exterior solution has dielectric constant εo and
conductivity σo.
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Fig. 1. Geometry of a spherical vesicle in AC electric ﬁelds.
Spherical shell is used to model the vesicle with dielectric
constant εm and conductivity σm.
With arc length coordinate (s, ϕ) shown Fig. 1, the
mean curvature and Gaussian curvature are given as
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and the corresponding electric items are
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where
A = (z cosϕ+ ρ sinϕ)/[(2z2 − ρ2) cosϕ+
3ρz sinϕ+ α(z2 + ρ2) cosϕ], (8)
B = 3E0αz cosϕ(z cosϕ+ ρ sinϕ)/[(2z
2 − ρ2) ·
cosϕ+ 3ρz sinϕ+ α(z2 + ρ2) cosϕ], (9)
C = 3E0[αz cosϕ(ρ cosϕ− z sinϕ)− ρz]/[(2z2 −
ρ2) cosϕ+ 3ρz sinϕ+ α(z2 + ρ2) cosϕ]. (10)
Here, i is the imaginary unit, ω is the frequency of the
AC electric ﬁeld, the parameter α = (εiωi−σi)/(εoωi−
σo), “∗” stands for complex conjugate, E1 is the trans-
membrane voltage drop, U2 is the dielectric energy den-
sity, fi1 is the Maxwell stress of the inner interfaces,
and fo1 is the Maxwell stress of the outer interfaces. If
ω = 0, Eqs. (4)–(10) degenerate to the situations given
by Gao et al.5 for direct current (DC) electric ﬁeld.
By denoting the shape equation of vesicles in steady
state, we removed the time-dependent elements of the
Maxwell stresses, dielectric and ﬂexo-electric eﬀects and
the corresponding items are with the form
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Substituting Eqs. (8)–(14) into Eq. (1) leads to the
electro-elastic shape equation of vesicle in AC electric
ﬁeld, that is
2∇2H + (2H + c0)(2H2 − c0H − 2κ) +
1
k
(Δp− 2λH +HU2 + fi1 − fo1) = 0. (15)
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Based on Eq. (15), we employ a numerical example
to simulate the shape transition of vesicles in axisym-
metric AC electric ﬁeld from 500 to 2× 107Hz. In this
situation, Eq. (15) is rewritten into a set of ordinary
diﬀerential equations in the arc length coordinate as
ϕ˙ = U,
U˙ = γ,
γ˙ = F (ϕ, ρ, z, U, γ), (16)
ρ˙ = cosϕ,
z˙ = − sinϕ,
where
F (ϕ, ρ, z, U, γ) = −2 cosϕϕ¨
ρ
− 1
2
ϕ˙3 +
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2
c20 +
λ
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+
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2ρ2
)
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[ρ2(3ϕ˙2 −
4c0 + c
2
0)− (1 + cosϕ)2] +
1
k
(Δp+
HU2 + fi1 − fo1) = 0. (17)
The boundary conditions for a half of the geometry are
ϕ(0) = 0,
ϕ(s1) = π,
U(0) = 0,
γ(0) = 0, (18)
ρ(0) = 0,
ρ(s1) = π,
z(0) = z1,
where s1 is the arc length of the integration interval.
Moreover, the volume of the vesicle V0 is ﬁxed where
the volume constraint condition∫ s1
0
πρ2 sinϕds = V0 (19)
should also be satisﬁed. The parameters used to calcu-
late our example are listed in Table 1.
The corresponding morphology transition of the
vesicle along with the variation of the frequency is
shown in Fig. 2. When intra-to-extra-vesicular con-
ductivity ratio σi/σo = 0.5 (Fig. 2(a)), the vesicle is
prolate shape for low frequencies and spherical shapes
for the high frequency region, but the vesicles have
oblate shapes for intermediate values between 5 kHz
and 5MHz. These results show an agreement with ex-
perimental observations of Aranda et al.12 When the
intra-to-extra-vesicular conductivity ratio increased to
σi/σo = 4.64 (Fig. 2(b)), compared to Fig. 2(a), the
vesicle is still prolate when ω = 600 kHz, which means
that the critical frequency for prolate-oblate morphol-
ogy transition will be increased along with the increase
of intra-to-extra-vesicular conductivity ratio.
Diﬀerent from Aranda et al.,12 except for elastic
bending, other forces, such as osmotic pressure and sur-
face tension, are also included in the present model. Fig-
ure 3(a) shows the morphological transition of a vesicle
Table 1. Values of cell parameters.
Parameter Value
Cell radius R/μm 10
Membrane thickness d/nm 5
Curvature stiﬀness k/aJ 0.1
Flexo-electric eﬀect coeﬃcient e11/(C·m−1) 0
Permittivity of the cytoplasm εi/
0.64
(A · ns ·V−1 ·m−1)
Permittivity of cell membrane εm/
0
(A · s ·V−1 ·m−1)
Permittivity of extracell medium εo/
0.64
(A · ns ·V−1 ·m−1)
Spontaneous curvature c0/km
−1 −0.024
Osmotic pressure Δp/μPa −56
Surface tension λ/(nN·m−1) −50
Magnitude of electric ﬁeld E0/
0.2
(kV·cm−1)
ω = 5 kHz
ω = 100 kHz
ω = 5 MHz
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Fig. 2. Morphological transition of a vesicle at diﬀerent
frequency.
along with the variation of osmotic pressure Δp when
σi/σo = 4.64 at frequency ω = 600 kHz. It is seen that
when ω = 600 kHz, the vesicle is prolate (dash dot line,
Δp = −5.6 × 10−5 Pa). But along with the increas-
ing of osmotic pressure values, the prolate-sphere-oblate
morphological transition is observed. Figure 3(b) shows
the morphological transition of a vesicle with varied os-
motic pressure Δp when σi/σo = 0.5 at frequency ω =
10MHz. Compared to Fig. 2(a), along with the increas-
ing or decreasing of the osmotic pressure values, the
vesicle shows sphere-prolate, or sphere-oblate morpho-
logical transition. The results given in Fig. 3 indicate
that under small osmotic pressure, the vesicle morphol-
ogy tends to be oblate. And along with the decrease of
the frequency, vesicle morphology is more sensitive to
the variation of the osmotic pressure.
Figure 4 shows the morphological transition of a
vesicle with varied surface tension λ when σi/σo = 4.64
at frequency ω = 15MHz. As shown in Fig. 2(b),
the vesicle is sphere when ω = 15MHz. But along
with the increase of the values of the surface tension,
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Fig. 3. Morphological transition of a vesicle with varied
osmotic pressure Δp.
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Fig. 4. Morphology transition of a vesicle with varied
surface tension λ when σi/σo = 4.64, ω = 15MHz.
the vesicle shows prolate-sphere-oblate morphological
transition, which also indicates that small surface ten-
sion may cause the increase of the critical frequency for
prolate-sphere transition.
Summarizing results above we can see that fre-
quency dependent behavior of a vesicle, that is, orien-
tation translation and rotation, is not only determined
by the elastic bending of the vesicle membrane. Other
mechanical forces, such as osmotic pressure and sur-
face tension, also play an important role in the vesi-
cle morphology transition. Since elastic bending, os-
motic pressure, surface tension, Maxwell stress exerted
on the vesicle and ﬂexo-electric and dielectric properties
of phospholipid vesicles in AC electric ﬁeld are all con-
sidered in the present liquid crystal model, it provides
the possibility to further understand the frequency de-
pendent behavior of vesicles under diﬀerent mechanical
and electric ﬁelds.
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